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Statistical Learning

One of the most common applications of the probabilistic models we discussed is for prediction problems. In
the corporate world, companies may predict which subscribers will leave the program; in the health care
world, doctors may want to know the chances of someone having a specific disease given their diagnostic
data; in the social sciences, we may want to predict who the real author behind a speech is. We can solve all
of these problems using the probabilistic models we discussed. In fact, the act of developing a predictive
model that automatically understands data is known as statistical learning: the machine identifies patterns
in the observed data to allow us to predict unknowns. While there are many different flavors of statistical
learning, we will approach the field from a probabilistic and statistical perspective. Throughout this section,
we will establish likelihood functions for models commonly used in statistical learning, specifically in the
areas of supervised and unsupervised learning.

Definition 0.1: Statistical Learning

Statistical learning is the utilization of computational techniques and probabilistic modeling to

automatically understand data.

There are a few different subareas of statistical learning. In supervised learning, our goal is to predict some
outcome given other observations of that outcome; in other words, the quantity we want to predict is an
observed random variable that guides our study of covariation among our data. In unsupervised learning, our
goal is to infer the hidden structure of the data; in other words, the quantity we want to predict is a latent
variable, and there is no quantity to supervise our study of covariation in our data. And with semi-supervised
learning, we have an outcome of interest that is only partially-observed; so some outcomes are latent variables

while others are random variables.



Supervised Learning

In the supervised learning framework, we generally have three steps:
1. find the likelihood given the model and data statements
2. estimate the model’s parameters/unknowns
3. we evaluate the model’s "performance"

Throughout this section, we will discuss steps 1 and 3 and introduce estimation strategies later since parts 1
and 3 go hand in hand: we must be able to recognize which of the models we propose in step one are most
representative of the true data generating process. Step 2 on the other hand is its own problem that we
can discuss separately. So, after introducing a few supervised learning methods — namely linear regression
and state space models — we discuss the topics of training/testing/validation splitting, cross-validation, and

evaluation metrics.

Linear Regression

Supervised learning is subset into two types of supervised learning: regression, in which the quantity we want
to predict is “continuous,” and classification, in which the quantity we want to predict is “discrete.” Both
continuous and discrete are in quotes because continuity in the framework of statistical learning is not the
same as continuity in the framework of mathematics. In a regression problem, the actual labels associated
with our data may in fact be discrete (i.e., take on a limited number of values), but the actual predictions
need not be discrete. For example, if we are predicting age, our observed data may simply be whole numbers
describing the number of years a person has lived. However, because we do not mind a real-valued prediction
(e.g., 21.5633), the problem is a regression problem. The distinction between discrete and continuous is up to

the modeler and requires care and precision that comes only from experience.

Let us define quantities X7, ..., X,,—some of which may be random or constant—a single random variable Y,
and a random variable €. In a regression, we assume that the data generating process is some function that

combines X1,..., X, and € to yield Y. The following few examples are all possible regressions:
m
1. Y =3 B8;X; + ¢ for some constants 51, 52,. .., ;
j=1

10 m .
2.Y =050+ > > Bi X/

j=1i=1

3.P(Y=1)= % for some constants fi,...,; assuming Y only has values 0 and 1.
1+e ( )

Z BjX;j
j=1

One of the most common regression models is the linear regression model. In the linear regression model,
we assume there exists a linear relationship between input quantities (often referred to as “covariates” or
“features” or “independent variables”) and the output quantity (i.e., the quantity we want to predict, often
called the “target feature” or the “dependent variable”). Suppose we have m independent variables; we
generally denote these as X1, ..., X,, and the dependent variable as Y. And we assume that we have N 11D
observations. So, for each IID observation i, there is a set of characteristics that describe that observation,

denoted as X;1, X9, ..., X;ym and the outcome for that observation Y;. In the linear regression set up, these



are our only observed quantities. And in our 2x2 table, we also have to consider the variation/constancy of
our terms. Even though Xj1,..., X}, are referred to as dependent “variables,” they do not necessarily have
to have variation; they can be constants. However, we assume that in a linear regression framework, Y will

always be variable.

Recall that we said there exists a linear relationship between Y; and Xj;1,..., X;,. This simply means that a
one unit increase in some independent variable X; will lead to a §; unit increase in Y; depending on the
situation, we may want to model 8; may be a constant or a latent variable. So, because there is a linear

relationship between Y; and X1, ..., Ximn, we can write down this model as

Y = Bo+ 51 X1 + BoXio ...+ B Xim

Note that we call Sy the “constant,” and is akin to the y-intercept in a traditional linear equation (i.e., the b
term in y = ma +b). When X;;3 = X5 = ... = X;p,, = 0 (i.e., all our inputs are 0), it is not guaranteed that
the y-intercept is also 0. So, we use 3y as a placeholder for the value of Y when X;; = X;o = ... = 0. Similar

to the other § terms, we can model 5y as a constant or variable, which we decide based on the situation.

The last component of the linear regression model is the “error” term, which is the source of variation in
our model. Recall that g, ..., Bm, Xi1,..., X;m could all be constants, so let us assume this to be the case.
Then, since the sum of constants is constant, that would mean that Sy + 81 X;1 +. . . + B Xim is also constant.
However, we know that Y is a random variable. So, in order to represent the random variation in Y;, we
introduce the term e; = Y; — (8o + 51 Xi1 + - - - + B Xim). And generally, rather than imposing a probability
distribution on Y;, we impose a distribution on g;. So, there exists a deterministic relationship between Y;
and e;; in other words, if we know Y; and all other quantities but ¢;, we can compute ¢;. Likewise, if we know
¢; and all other quantities, we can compute Y;. And now, we can rewrite £; to have Y; on one side of the

equation and everything else on the other side to yield

Yi =50+ 61Xi1 + BeXiz + ... + B Xim + i
Now, we can represent the linear regression formulation as a model statement and data statement:

fori=1,...,n
Xity ooy Xim ~P(Xq,...,X,,) if we are modeling X1, ..., X,, as variables
By -y Bm ~P(Bo,...,B;) if we are modeling Sy, ..., S as variablese; ~ P(¢)
YilBos -y 815 Xity -+ oy Ximsy €0 = Bo + B1Xi1 + -+« + B Xim + €.

And recall that we only observe Y; and X1, ..., X;,, for all of our IV IID observations. So our data table

would look as follows:

Using these quantities, we can there set up our 2x2 table and calculate the likelihoods. Let us consider a few
examples:

Example 1. Suppose we are given data on a person’s income, represented with Y, and age, denoted by X,



Table 1: Linear Regression Data Statement

ObS# Y X1 X2 . Xm
1 Y1 r11 T12 e Tim
2 Yo 21 T22 e Tom
N YN TN1 TN2 N TNm

for N individuals with the following probabilistic model:

fori=1,...,n
g; ~ Normal(0,0?)

Y| Xi, o, 8,65 = a+ BX; + ;.

Let us find the 2x2 table and the likelihood for this model.

First, notice that we have data on a person’s income and their age. So, we only observe the realizations of the
random variables Y7,...,Yn as y1,...,y, and the constants X1,..., X. Even though Y;’s distribution is
not defined, because there exists a deterministic relationship between ¢; and Y;, we know that Y; is a random
variable. And since there is no deterministic relationship between X; and another random variable and the
distribution of X; is not explicitly defined, X; must be a constant. Additionally, the values for o2, i, 8 are all
not observed and do not have probability distributions imposed. So they are unknown constants. Then, the

2x2 table would look as follows:
‘ Observed ‘ Unobserved

Yis-- -5 YN
Xy, Xn

Variable

Constant

a76’0-2

And now we can calculate the likelihood. Since we do not have any latent variables, our proper and complete
likelihoods are equivalent. So, the likelihood — which represents the probability of our random variables being

their realizations given the model’s constants — is then

P(Yy =y1,..., YN = ynla, 8,02, X1,..., XN).

Since Y7, ..., Yy are IID random variables, their joint distribution is the product of their marginal distributions.
So,

Likelihood = P(Y1 = 91,..., Yy = yn|o, 8,02, X1,..., XnN)
:P(}/l :y1|a753027X17"'7XN)-~-P(YN :yN|C¥767027X1>---,XN)

N
= H]P)(Y; :yi|avﬂ7021X17'”7XN)~

However, here we may run into a problem: we never explicitly defined the distribution of Y;. Instead,



we can write ¢; = y; — a — BX; ~ Normal(O,az). Since Y; and ¢; are deterministically related, P(Y; =
yi|a757023X1a- .. 7XN) = ]P)(El =Y — o — 6Xi|avﬂvo-23X1,- .. 7XN) SO,

Likelihood = P(Y; = y1,..., Yy = ynl|a, B,0%, X1,..., XN)
P Yl :y1|a7570’23X1,-~~7XN)"'P(YN :yN|a7570-23X17“';XN)

I
—

P(Y; = yila, B,0%, X1,..., XN)

o

N
Il
-

P(Ei =Y —« _ﬂXi|a7530—27X17"'7XN)

o

-
Il
-

1
1 V2mo?

o352 (Wi—a—pXi)

—.

-
Il

As we discussed earlier, models are simplified representations of some real world process. In Example 1, we
assume that age is the only variable that can explain variation in income, but we know many other features
may be involved in deciding someone’s income, such as education, industry, experience, and location. Let us
now consider a linear regression example with multiple variables now.

Example 2. Suppose we are given the following data for person each person i: income (Y;), age (X; age),
education (X eqy), industry (X;inqg), years of experience (X ezp), and location (X 0c). For notational
simplicity, let > 5;X; ; represent BequXi edu + BindXi,ind + BewpXi,exp- Now, suppose we have the following

data generating process:

fori=1,...,n
Xi,age ~ Normal(p, 02)
g; ~ Normal(0,~?)

Y;’|Xi,ag57 Xi,edua Xi,inda Xi,ezp; Xi,loa BO; Bage; 6edua ﬁinda ﬁewpy /Bloca & = BO + 5ageXi,age + Z ﬁjXLj + &;-

Notice, this model statement is very similar to that in Example 1, but with a few differences: obviously, we
have more quantities of interest. But additionally, the variable for age now is normally distributed, so it is an
observed variable rather than a constant in our 2x2 table. Additionally, because we do not assume that any

of the other terms come from a distribution, we can classify all other terms as constants.

In order to find the likelihood, let us write out our 2x2 table:

‘ Observed ‘ Unobserved
Variable y17~-~7yN7X1,agea---7XN,age

2 2
Constant XLeduw'-uXN,edqul,inda-~-7XN,ind7X1,ezp7-- -7XN,ezp 5076age766d1uﬂind7ﬁempu,U/70 » Y

First, we know the likelihood is the proper probability of observing the given data given the model’s constants:

leehhood = ]P)(Yl = Y1y 7YVN = vaXl,age = Il,agev e 7XN,(Lge = -rN,age|Bage7 ZﬂjXLj, ey ZﬂjXNJ',‘UJ, 0'2,’)/2).

Now, because each of our IV observations are IID, we can rewrite the likelihood of N observations as the



product of the likelihoods of each observation:

Likelihood = ]P)(Yl =Y, Yy = vaXl,age = T1,ages - - - 7XN,age = xN,age|ﬂagev Zﬂle,ja BRRE) ZﬂjXN,jvﬂa 0—2772)
- ylel ,age — xl,age|ﬁagev Zﬁle,j»ﬂa 0'2;'72) .. IP(YN = vaXN,age = xN,age|ﬁagea ZﬁjXN,jaﬂa 0—2;72)

P(Yy
N
H i = Yi, zage—17z agewageaZﬂ] 0,59 M5 0 77 )

Now, by Bayes rule, we can rewrite P(Y; = y;, X; age = Ti,age) 38 P(Y; = i Xi age = Zi,age)P(Xi,age = Tiage)-
So,

leehhood = ]P)(Yl = Ylyeeey YN = vaXl,age = xl,agea e ’XN,age = xN,age|ﬁagev Zﬁle’j’ ey ZBjXN,ﬁN’? 0'2,’72)
- ylel ,age — xl,age|ﬂagev Zﬂle,j,/% 0—2;72) .. IP)(Y—N = yNaXN,age - xN,age|ﬂagev ZﬂjXN,jaﬂa 0—2372)

P(Y;
N
H i = Yi, zage—xz age|ﬁage;2ﬁ] 0,50 M, 0 77 )
N
-1l

. — yz‘ﬂagea 1,age — = ,ages Z 6] [ ]; )P(Xi,age = $i,age|ﬂ7 U2)~

Since ¢; and Y; are deterministically related, the Transformation Theorem tells us the distribution of
Y; ~ NOT”ITLG,Z(BO + 6age,uf + Z 6in,j + 51'7'72)' SO,

Likelihood = P(Y1 = y1,...,Yx = Un, X1.age = T1ages - - XN.age = TN.agelBages D Bi X112 > BiXn 0,77
= ]P)(Yl = Y1, Xl,age = xl,age|ﬂag87 Z /Ble,j7 M, 0'25 72) e IPJ()/N = YN, XN,age = xN,age|Bagev Z BjXN,j7 Hy 023 72)

= H IP(Y; = Yi, Xi,age = xi,age|6age; Z /ngi,ja Hy UQa 72)
= H ]P)(Yz = yi‘ﬂagea Xi,age = Tj,age; Z ﬂin,ja Vz)P(Xi,age = xi,age|,ua 0—2)
H (Y BO + Bage i,age + Z B] i,j + Ezlﬁagea i,age = Liage, Z B] 557 )]P)(Xi,age = xi,age|/fva 02)

N
H Normal(Y;|Bo + Bagett + Zﬁj i+ i) Normal(Xi age = Tiagelpt, 0°).

In Example 2, we discussed how to derive the likelihood of a linear regression model with multiple independent
variables because income is likely a factor of several variables. But many times it is very difficult to account
for all the possible features in the true data generating process, and our model will therefore have some
omitted variables. In other words, there exist quantities that we did not include in our model that may
explain variation in our dependent variable. When we assume the omitted quantities are constants and we
include a term in our regression for them, we refer to the model as a fixed effects linear regression model.
And when we assume the omitted quantities are variable, we refer to the model as a random effects linear

regression model. Let us consider an example of a random effects model.



Definition 0.2: Fixed Effects Linear Regression



Let Y; be our dependent variable for observation ¢ with m independent variables X; 1,...,X; . Our

model is known as a fixed effects linear regression if it has the following form:

fori=1,...,n
i ~ Normal(u,0?)
forj=1,....m
Xi,j ~ P(Xz,j|9) (lf Xi,j is Variable)
YilBo, By B0 Xias o Xim = Bo+ Y BiXij +&i + i

j=1
Here, «; represents all the constant variation in Y; uncaptured by the traditional linear regression model
for individual 1.

Definition 0.3: Random Effects Linear Regression

Let Y; be our dependent variable for observation ¢ with m independent variables X; 1,...,X; . Our

model is known as a random effects linear regression if it has the following form:

fori=1,...,n

i ~ Normal(u,0?)

forj=1,...,m
X@j ~ ]P)(X7J|0) (lf Xi,j is variable)
a; ~ P(a)

YilBo, By, B85,0, X, ., Xim = Bo +Zﬁin,j +ei + .

j=1
Here, «; represents all the variation in Y; uncaptured by the traditional linear regression model for
individual 1.
Example 3. Suppose we administer a survey to 100 people asking about their incomes and ages, denoted as
Y; and X; respectively for individual 7. Suppose respondents 1 to 97 answered all questions, persons 98 and

99 only reported age, and person 100 reported only age but not income. In other words, our data set would

read as follows:

We also assume that the true data generating process is

fore=1,...,100
g; ~ Normal(0,0?)
X; ~ Normal(p, %)
Yilei, Xi = Bo + B1Xi + &5

Because X; and Y; come from probability distributions, X; and Y; are random variables. So, X1, ..., X100

and Y7,..., Y90 are random variables. However, because Xgg, Xog, Y100 are missing from the dataset, these



Table 2: Missing Survey Data Statement

Obs# Y X

1 Y1 T1
2 Yo )
97 Yyor  Tgr
98 Yos ?
99 Y99 ?
100 ? 100

are latent variables. Because we have these latent variables that explain variation in our model, this is akin

to the random effects linear regression we just introduced.

So, our 2x2 table would read as follows:

Observed ‘ Unobserved
Variable | Xi,..., Xo7, X100,Y1,..., Yo X987X997Y100
Constant 507 517 s 1y Y

As usual, from the 2x2 table, we want to derive the proper likelihood, which is the probability of our observed

variables given our constant terms:
Likelihood = P(X1 = 21, ..., Xor = o7, X100 = 100, Y1 = Y1, - - -, Yoo = ¥o9|Bo, B1, 07, 1, 7°).

Notice, in the proper likelihood, the latent variables do not exist. But we need the information from those
quantities to capture the entire model’s process. We can do this by taking advantage of marginalizing
distributions (i.e., P(A) = [ P(A, B)dB for some random variables A and B). So,

Likelihood = P(X1 = z1,..., Xor = Zo7, Y1 = ¥1,.- -, Yoo = Yoo|B0, B1, 07, 1,7

=/ / / P(X1 = 21,..., X100 = Z100, Y1 = Y1, - - -, Y100 = Y100/B0, B1, 07, 11, 7*)dXesd XogdY100.
Xos ¥ Xo9g9 /Y100

Now, we can take advantage of the independence of these values and write out the joint likelihood as the

product of individual likelihoods:

Likelihood = P(X; = 1, ..., Xo7 = T97, Y1 = Y1, .. ., Yoo = Yo9|Bo, B1,02, i1, 7*)

= / / / P(X1 = 21,..., X100 = 100, Y1 = U1, - - - » Y100 = Y100|B0s B1, 02, 11, v*)d X osd X99d Y100
Xog 7 Xo99 v/ Y100

100

=/ / / [IP(X: = i, Y; = 4l Bo, B1, 0%, 11,4%)d X 9sd X 09dY100.
Xos 99 Y Y100 j—1



And now, by Bayes’ Rule we can rewrite the joint probability of X; and Y; as

Likelihood = P(X; = z1,..., Xo7 = 297, Y1 = Y1, .- -, Yoo = Yoo|Bo, B1, 0%, 11, 7*)

= / / / P(X1 = 21,..., X100 = T100, Y1 = U1, - - -, Y100 = Y100|B0, B1, 02, 11, v*)d X osd X99d Y100
Xog 7 Xog9 v/ Y100

100
:/ / / [IP(Xi = 2, Y: = il Bo, B1, 0%, 1, 7*)d X 08d X 09d Y100
Xos v Xog /Y100 j—1

100
= / / / = 4| X; = 24, Bo, B, 0°)P(X; = 2i|pt, v*)d Xosd X99d Y100
Xos 7 Xog v Y100 j—1

Since Y; is a linear combination of two normally distributed random variables (g; and X;), Y; ~ Normal(5y +

B, 02). So, we can rewrite the likelihood as

Likelihood = P(X; = 1, ..., Xo7 = T97, Y1 = Y1, .. ., Yoo = Y9o|Bo, B1,0°, i1, 7*)

= / / / P(X1 =21,..., X100 = %100, Y1 = Y1, - - -, Y100 = Y100/ B0, B1, 07, 11, 7*)dX9sd X 99d Y100
Xog J Xog Y100

/ / / = 2;,Y; = yilBo, B1, 0%, 11, 7%)d Xosd Xo9d Y100
Xog v/ Xoo v Y100 j—1
100
B / / / Y; = yi| Xi = i, Bo, B1, 0% )P(X; = 2i|n,7*)dXosd Xg9d Y100
Xos v Xg9 /Y100 j—1
100
= / / / H Normal(Bo + frxi, 0?|X; = x;) Normal(X; = x|, v*)d X ogd X99dYi00-
Xog v/ Xoo Y100 j—1

Unsupervised Learning

In supervised learning, we observe the outcome that we are aiming to predict. However, there are many use
cases in which the outcome of interest is in fact a latent variable. For instance, suppose we run a business
and want to find customers who are similar to each other to recommend content; customer similarity is
unobserved but random, so the quantity we want to predict is latent. Or, if we are analyzing tweets in specific
communities, we may want to know what topics people are interested in and how that changes over time;
because the topics are unobserved, they are latent variables. We will consider two unsupervised learning
models — one for understanding the interconnectedness of people and another for discovering topics in text
data.

Latent Space Models with Network Data

Latent space models are a class of models that allow us to identify the position of different units in an
unobserved space by taking advantage of network data. Because the goal of the model is to estimate the
latent positions of our units, which are unobserved quantities, these are all unsupervised learning models.
The basic intuition relies on the idea that the closer two units are in the latent space, the more likely they are
to be connected in a network. By understanding the latent space of the units in our population, we can then

identify similar customers in a business for prduct recommendation, or we can identify which communities in

10



a network are related, or understand the connectivity patterns in brain networks.

The model assumes that we have N individuals and an adjacency matrix Y such that the entry in row ¢
and column j, Y; ; is 1 if individuals ¢ and j are connected and 0 otherwise. Additionally, for each pair of
units ¢ and j, we have observed characteristics about their shared relationship Xi{ > Xﬁ jr---» X[ and their
unobserved latent spaces Z; and Z;. Then, the log-odds of individual ¢ and j having an edge between them

is given by

nij = logoddsP(Y; ; = 11X}, X", Zi, Z;) = o+ > BX[% + 2 — Z,1.
k=1

So, the general data-generating process for this model can be written as follows:

# Sample latent space of each unit i fori =1, ..., N do
| Zi~ fz(Z)
end
fori=1,... Ndo
forj=1,...,Ndo
fork=1,..., Ndo
| # Sample shared covariates if they follow a probability distribution XF; ~ fxr(X*)

end
m
Nij = lOgOddSP(Y;'J = 1|Xz1,j’ ey X,L’W;, Zl‘, ZJ) =+ kzl ﬂszT] + |Z1 — Z]|
end

end
Algorithm 1: General Latent Space Modeling DGP

The reason we use log-odds rather than the raw probability is that the log-odds have a co-domain between
—oo and oo while the raw probability has a codomain between 0 and 1. Notice, the right hand side is very
similar to the form of a regression: « is akin to the “y-intercept” in the linear regression and (1, ..., ; are
the coefficients for each of our covariates. However, « is now the y-intercept for the log-odds and f1,..., 5
are coefficients for our relationship-level covariates. In addition to these differences, we now also include a

term for the distance between user 7 and user j.

In this model, we make no restrictions on whether X1 .. ..., Xf,j are observed; it may even be the case that

6,50
some features are observed while others are latent. And furthermore, we make no restriction on whether
X} oo , X! ; are random or constant. As such, the model can be very flexible.

Notice that in the general model, 7; ; does not have to necessarily be the same as 7;;; in other words, the
chances of individual ¢ having a connection to individual j is not the same as individual j having a connection
to individual 4. This may be as a result of X*. Suppose Xi": ; represents the number of messages on a school’s
messaging board that individual i messaged individual j; in this case, XF; # XF¥,, so then . X[; # BpX};
thus, n; ; # nj,- If 1 ; # 15,4, then our resulting network structure would be a directed network, which means
that person ¢ could be related to person j but person j does not have to be related to person i. For example,
if we consider a friendship network, student ¢ may think that they are friends with student j but student j

does not have to reciprocate that relationship.

Additionally, there are many quantities involved and therefore many different possible conceptualizations

1
VAN

are some pairwise covariates that are random while others are constant. We also have the cases in which

possible. For example, there are the case when X ey Xé ; are constant or when they are variable or there

11



Z;1,...,2Z;,, are constant or when they are variable or when some individual-level covariates are random
while others are constant. We also have the cases in which a, 81, ..., 5; are variable or constant or a mix
of the two. The actual 2x2 and likelihood will therefore be very case-dependent. So let us consider a few
examples.

Example 4. Suppose we have twenty students in a classroom and want to understand how similar they are
to each other to craft our lesson plans; if students are very similar, then we can have a general teaching plan,
but if students are very different, then we should have group assignments so that similar students can learn

from one another.

We will model this problem as a latent space model and assume the following data generating process:

fori=1,...,20 do
for j=i+1,...,20 do

() = o+ Blas — o]
Yi,j|mi = Yjilng: = Bernoulli(n;,;)
end
end

Algorithm 2: Latent Space Model DGP: Example 4

Recall from the general latent space model, 7; ; represents the probability of an edge existing between units
i and j, and the actual existence of an edge going from 7 to j is given by Y; ;. Similarly, in this example,
we have 7; ; and Y; ; representing the probability and existence of an edge going from 7 to j respectively;
however, we also assume that Y; ; =Y} ;, which means that an edge extends from ¢ to j if and only if an edge
extends from j to i. In common language, we assume people who sit closer to each other are more likely to
be friends with each other and reciprocate that friendship. Also, because Y; ; = Yj;, including both sets of
data in our problem is redundant. Instead, we will only look at the Y; ; for which ¢ < j. If we represented

this data as a matrix, we would only be looking at the upper triangle, as seen in blue in Table 3.

Table 3: Adjacency Matrix: Example 4

1 2 3 . 19 20
1 0 Y1,2 Y13 e Y1,19 Y1,20
2 Y2,1 0 Y2,3 e Y2,19 12,20
3 Y31 Y3,2 0 e 3,19 13,20
19 wyi91 Y92 Y93 ... 0 19,20
20 Y201 Y202 Y203  --- 120,19 0

Now, we can write the 2x2 table for this model.

Because 7;; for all units ¢ and j are not explicitly from a distribution and none of its inputs (i.e.,
a,z;,z;) follow a distribution 7;; is a constant. And because Y;; follows a Bernoulli distribu-
tion, Y;; is a random variable. We are only given Y;; and no other data. So, our unknowns are
o, B,M1,2,M,35 -+ - 311,205 12,3, 112,45 - - - 112,20, - - - » 19,20 — all of which are constants. So, our 2x2 table would

look as follows:

12



‘ Observed ‘ Unobserved

Variable | Yi,Y13,...,Y120,Y23,Y24,...,Y220,...,Y19,20
Constant &, 1M,2,1M1,35---511,20,712,3, 712,45 - - -, 112,205 - - - , 119,20, 6

Recognize that we do not include x;, z; in our 2x2 table: this is because 7; ; and x;, z; are deterministically

related so if we know 7); ;, we can reconstruct z;, x;. And similarly, if we know x;, z;, we can reconstruct 7; ;.

Then, our likelihood would be

Likelihood = P(Y12 = y1,2,- .., Y1,20 = ¥1,20, Y2,3 = ¥2,3, - - - , Y220 = ¥2,20; - - - » Y19,20 = Y19,20|, B, 71,25 - - -, 19,20)-

Recall that one of the core assumptions of the latent space models is that the existence of an edge between
two individuals is independent from all other edges conditioned on the latent space and other constants. So,
we can then rewrite the joint likelihood of edges existing as the product of individual likelihoods of edges

existing:

Likelihood = P(Y12 = y1,2,. .., Y1,20 = ¥1,20, Y2,3 = ¥2,3,- - -, Y220 = ¥2,20, - - - » Y19,20 = ¥19,20|2 B3, 71,2, - - -, 719,20)
= I PO =igle Bomig)-

1<i<5<20
Because Y; ; follows a Bernoulli distribution with success probability 7; j,
P(Yi; = yijle, B,mi5) = [P(Yiy = a, B,m:7)]" [P(Yi; = Ola, B, 5)]" .
Additionally, because P(Y; ; = 1) =1, ;, we can further simplify P(Y; ;) to

P(Yij = yigla, Bimig) = [ig)" 9 [L = mi )t ¥os.

Example 5. Now, let us consider an example in which 7; ; actually follows a probability distribution.

Suppose we have the same DGP as before, except x;, i Normal(0,0?):

fori=1,...,20 do
| X; ~ Normal(u,o?)
end
fori=1,...,20 do
for j=4i+1,...,20 do

— P(Y; ;=1|a,8,X;,X;)
| g = logs s a xR = a+ 61X - X

end

end
Algorithm 3: Latent Space Model DGP: Example 5

Notice, we rewrote the same likelihood but simply with a different form. Here, we explicitly write out what
7;,; represents: the log-odds of Y; ; being connected. That means that the success probability of Y; ; being 1
would be given by W Let us find the likelihood of this new problem.
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Similar to Example 4, we assume the only data we are given is the adjacency matrix; and because we assume
Y;; =Y, we only need data on Y; ; when 1 <7 < j <20. So, our 2x2 table would be the following:

\begin{varitable}{YLg, Y1737 e ,YLQ(), Y273, )/2747 e ,)/27207 e ,Ylgﬁgo}{}{Xl, v ,XQQ}{O[, /Ba M, 0'2}

Again, because 7; ; and X;, X; are deterministically related, we only need to use one or the other in our 2x2
table. In this example, we will now use X1, ..., X9 instead for our calculations. Then, the proper likelihood

is given by:

Likelihood = P(Y12 = y1,2, - - -, Yi9,20 = ¥19,20|c, B, 1, 0°).

However, because we now have latent variables, we need to consider Xj,..., X5y as well: to do this, we
must recognize the proper likelihood is the marginal of the complete likelihood. So, we can integrate out

Xq,...,X50 from the joint complete likelihood and obtain the proper likelihood:

leehhood: / / ]P)(YLQ :y1,27---7Y19,2O :ylgﬁgo,Xl :1'1,...,X20 :SC20|OL,[‘37,[L,O'2)CZI’1 ...dﬂCgo.
X1 X20

Now, we can take advatange of Bayes’ Rule and rewrite the likelihood as

Likelihood = / ) / P(Yi2 =412, Y1920 = Y19,20| X1 = 21, ..., X2o = @20, @, B)P(X1 = 1, ..., Xog = Tao|p, 0% )d1 .
X1 Xao

Recall the conditional independence assumption of the latent space model. So, that means that we can

further simplify the joint complete likelihood to be the product of individual complete likelihoods:

Likelihood:/ / P(Y;,; = vi;|Xi =2, X; = xj, o, B)P(X —:I:i,Xjzxj|u,02)dac1...dx20.
X, X

20 1<1<]<20
But since X; < Normal(p, 0?), P(X; = x4, X; = zj|p, 0?) = P(X; = xi|p, 0?)P(X; = z4|p,02). So,

Likelihood = . / P(Y;; = vij|1Xi = 2i, X; = zj, 0, B)P(X; = x|p, 0*)P(X; = 4|y, 0%)dxy . . . dwog
X1 X20 1<7,<j<20

= / / H Bernoulli(Y; ; = yi ;|1 Xi = 4, X; = 2, @, B)Normal(X; = x|, 0*) Normal(X; = x|, 0
X b'e

20 1<i<5<20

Let us break this into more tractable pieces. Since Y;; follows a Bernoulli distribution with success

1
e tBIX; =X ;1

1+
1 Yii [ gatBIXi—X;|  17Vid
POy =gl P Xo = i, X = 1) = [mem] [HWXJ |
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Now, since X;, X; ~ Normal(u,0?),

2 ——
Zi|y O = 2
Fx(@ilm,o%) = —o—;
So,

2 2 i
i, o xilp,0%) = e e
Px(@ilp, %) x @il o) V2ro? V2mo?

which we can then simplify to

L b (@ +a-w?)
2mo? '

So, putting all the pieces together,

Likelihood = P(Y1 2 = y1.2, - - -, Yi9.20 = Y1920/, B, 11, 02)

1

/ / [ 1 Vii [ atBIXi=X;| 71TV
FBIXi—X; ] { FBIXi—X; }
X1 X20 1<1<J<20 L4eo 7| Ieo | /|

15

2mo?

e

5 ((wi—u)2+(wj—u)2)dx1 )

.. d]}go.



	Statistical Learning
	Supervised Learning
	Linear Regression

	Unsupervised Learning
	Latent Space Models with Network Data



